In this paper, we investigate the system performance of a multi-cell multi-user (MU) hybrid millimeter wave (mmWave) multiple-input multiple-output (MIMO) network adopting the channel estimation algorithm proposed in [1] for channel estimation. Due to the reuse of orthogonal pilot symbols among different cells, the channel estimation is expected to be affected by pilot contamination, which is considered as a fundamental performance bottleneck of conventional multicell MU massive MIMO networks. To analyze the impact of pilot contamination on the system performance, we derive the closed-form approximation expression of the normalized mean squared error (MSE) of the channel estimation performance. Our analytical and simulation results show that the channel estimation error incurred by the impact of pilot contamination and noise vanishes asymptotically with an increasing number of antennas equipped at each radio frequency (RF) chain deployed at the desired BS. Thus, pilot contamination is no longer the fundamental problem for multi-cell hybrid mmWave systems.
I. INTRODUCTION
Recently, the escalating demands for high data transmission, which is one of the key requirements of the fifth-generation (5G) wireless communication systems, have triggered and attracted tremendous interests from both academia and industry, e.g. [2] - [10] . To meet the ultra-high data rate requirement of emerging applications, millimeter wave (mmWave) massive multiple-input multiple-output (MIMO) systems have been proposed [11] , [12] . In practice, to strike a balance between data rate, hardware cost 1 , system complexity, and power consumption, hybrid mmWave MIMO systems are proposed for practical implementation [7] , [12] . In particular, for hybrid MIMO architecture, the required numbers of radio frequency (RF) chains equipped at a base station (BS) and users are much smaller than the numbers of antennas equipped at the BS. Thus, both the hardware cost and the energy consumption of hybrid mmWave massive MIMO systems, can be reduced significantly compared to the conventional fully digital mmWave massive MIMO architecture, e.g. [4] , [7] . Furthermore, the severe propagation path loss of mmWave channels between the transceivers can be compensated by forming a highly directional information beam enabled by the massive number of antennas.
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In practice, the performance of hybrid mmWave systems depends on the accuracy of estimated channel state informnation (CSI). However, channel estimation algorithms for hybrid mmWave systems are different from that of fully digital systems due to the hardware limitation in the former systems. Currently, majority of contributions in the literature focus on the development of CSI feedback based channel estimation methods for frequency-division duplex (FDD) hybrid mmWave systems, e.g. [13] . Mainly, it is motivated by the assumption of sparsity of mmWave channels that the numbers of resolvable angles of arrival (AoA)/departure (AoD) paths are finite and limited. Thus, CSI acquisition via feedbacks only leads to a small amount of signaling overhead compared to non-sparse CSI acquisition. However, in some scenarios, the assumption of the sparsity of mmWave channel may not hold. For example, for practical urban micro-cell (UMi) scenarios, such as the city center, the number of scattering clusters increases significantly and the channels are expected to be non-sparse. In [14] , recent field test results as well as raytracing simulation results have shown that reflections from street signs, lamp posts, parked vehicles, passing people, etc., could reach a receiver from all possible directions in UMi scenarios. Besides, recent field measurements also confirm that both LOS components and scattering components exist in the inter-cell mmWave channels in small-cell systems [14] . Thus, Rician fading channel model is more suitable for modeling the inter-cell channels in small-cell systems. Under such circumstances, the signaling overhead may be too large to be acquired via feedback. To overcome the aforementioned common drawbacks of conventional CSI feedback based FDD mmWave channel estimation algorithms, a novel TDD-based beamforming channel estimation algorithm, which exploits orthogonal pilot symbols transmission from users to the BS via the strongest received line-of-sight (LOS) paths, was proposed in [1] . It was shown that the proposed algorithm for hybrid systems can achieve a considerable achievable rate of the optimal fully digital systems and possess robustness against the hardware imperfection.
Despite the channel estimation algorithm proposed in [1] offers a viable solution to unlock the potential of mmWave systems, it only considered a simple single-cell scenario. In practice, multi-cell systems are usually deployed to improve the spectral efficiency. Besides, it is expected that small-cell will serve as a core structure of future cellular systems [15] . However, due to the short radius in small-cell, mmWave communication systems may suffer severe inter-cell interferences during uplink channel estimation and downlink transmission. Since the resources of orthogonal pilot are limited, they are reused among different cells for multi-cell channel estimation. In this case, the received pilot symbols from the users in the desired cell for channel estimation are affected by the reused pilot symbols from the users in neighboring cells, which is known as pilot contamination [8] . In fact, pilot contamination is considered as a fundamental performance bottleneck of the conventional multi-cell multiuser (MU) massive MIMO systems, since the resulting channel estimation errors do not vanish even if the number of antennas is sufficiently large, cf. [8] . In the literature, most of the existing works for multi-cell massive MU-MIMO systems modeled the inter-cell uplink channels as Rayleigh fading channels, e.g. [8] , [16] . However, existing analysis cannot be applied to small-cell systems directly due to the presence of strong LOS inter-cell channels. Furthermore, a thorough study on the impact of pilot contamination in such practical systems has not been reported yet.
Motivated by the aforementioned discussions, we consider a multi-cell MU hybrid mmWave system. In particular, we apply the non-feedback TDD-based mmWave channel estimation algorithm proposed in [1] to a multi-cell scenario and study the corresponding performance of channel estimation under the impact of pilot contamination. Analysis and simulation results reveal that the channel estimation error caused by the impact of pilot contamination would vanish asymptotically with the increasing number of antennas. Our main contributions are summarized as follows:
• Applying the three-step mmWave channel estimation algorithm proposed in [1] to a multi-cell scenario, we study the impact of pilot contamination on the uplink mmWave channel estimation due to the reuse of orthogonal pilot symbols among different cells. Our results reveal that in the phase of channel estimation, the analog receive beamforming matrix adopted at the desired BS forms a spatial filter which blocks the signal reception of the undesired pilot symbols from neighboring cells. In particular, with an increasing number of antennas equipped at each RF chain, the mainlobe beamwidth of the spatial filter, which aligns to strongest AoA directions, becomes narrower and the amplitude of sidelobes becomes lower. Thus, the impact of pilot contamination caused by the users outside strongest AoA directions can be mitigated. We mathematically prove that the normalized mean square error (MSE) performance of the channel estimation algorithm proposed in [1] improves proportionally with the increasing number of antennas equipped at each RF chain, which is different from previous results in [8] , [16] . • We adopt zero-forcing (ZF) precoding for the downlink transmission based on the estimated CSI. The simulation results show that the average achievable rate per user under the impact of pilot contamination increases with the increasing number of antennas equipped at the BS. Notation: h (⋅) denotes statistical expectation operation with respect to random variable ℎ, ℂ × denotes the space of all × matrices with complex entries; (⋅) −1 denotes inverse operation; (⋅) denotes Hermitian transpose; (⋅) * denotes complex conjugate; (⋅) denotes transpose; | ⋅ | denote the absolute value of a complex scalar; tr(⋅) denotes trace operation; sinc( ) denotes a sinc function with input , i.e., sin( ) . The distribution of a circularly symmetric complex Gaussian (CSCG) random vector with a mean vector x and a covariance matrix 2 I is denoted by (x, 2 I), and ∼ means "distributed as". I P is an × identity matrix.
II. SYSTEM MODEL
In this paper, a multi-cell MU hybrid subarray mmWave system is considered. The system consists of neighboring cells and there are one BS and users in each cell, cf. Fig. 1 . The BS in each cell is equipped with RF RF chains serving the users simultaneously. We assume that each RF chain equipped at the BS can access to an uniform linear array (ULA) with antennas by using phase shifters. Besides, each user is equipped with one RF chain and a -antenna array. In addition, we focus on ⩾ RF , which exploits large antenna array gain with limited number of RF chains. To simplify the analysis in the following sections, without loss of generality, we set RF = and each cell has the same number of RF chains at the BS.
According to the widely adopted setting for multi-cell TDD in uplink channel estimation and downlink data transmission, we assume that the users and the BSs in all cells are fully synchronized in time [8] , [16] . We denote H ∈ ℂ × as the uplink channel matrix between the desired BS and user in the desired cell. Besides, H is a narrowband slow time-varying block fading channel. Recent field tests show that both strong LOS components and non-negligible scattering components may exist in mmWave propagation channels [14] , especially in the urban areas. Therefore, mmWave channels can also be modeled by non-sparse Rician fading with a large Rician Kfactor [14] . In this paper, we assume that the uplink channel H consists of a deterministic LOS channel matrix H L, ∈ ℂ × and a scattered channel matrix H S, ∈ ℂ × , which is given by:
where G L, ∈ ℂ × and G S, ∈ ℂ × are diagonal matrices as
respectively, and > 0 is the Rician K-factor of user . We assume that AoAs from all the users to the desired BS are various. In addition, all the users are separated by at least hundreds of wavelengths 2 and we can assume that their channels to the desired/neighboring BS are uncorrelated [8] . Thus, we can express the deterministic LOS channel matrix H L, of user in the desired cell as [17] 
where accounts for the corresponding large scale path loss, h BS L, ∈ ℂ ×1 and h L, ∈ ℂ ×1 are the antenna array response vectors of the BS and user , respectively.
In particular, h BS L, and h L, can be expressed as [17] h BS L, =
and (4)
respectively, where is the distance between the neighboring antennas at the BS and users and is the wavelength of the carrier frequency. Variables ∈ [0, ] and ∈ [0, ] are the angles of incidence of the LOS path at antenna arrays of the desired BS and user , respectively. As commonly adopted in the literature [17] , we set = 2 for convenience. Without loss of generality, we assume that the scattering component H S, consists of cl propagation paths, which can be expressed as
where h BS ∈ ℂ ×1 and h , ∈ ℂ ×1 are the antenna array response vectors of the BS and user associated to the -th NLOS propagation path, respectively. Here ∼ (0, 1) represents the path attenuation of the -th NLOS propagation path and h S, ∈ ℂ ×1 is the -th column vector of H S, .
With the increasing number of clusters, the path attenuation coefficients and the AoAs between the users and the BS behave randomly. Let ΔĤ , ∈ ℂ × be the inter-cell mmWave uplink channel between user in the -th neighboring cell and the desired BS, ∀ ∈ {1, . . . , }, cf. Fig. 1 . Since the inter-site distance is short in small-cell systems, the inter-cell channels usually contain strong LOS components 3 [14] . Thus, the inter-cell uplink mmWave channels can be expressed as
whereˆ, is the corresponding large scale path loss coefficient. We note that inter-cell Rician K-factor maticeŝ
follows similar assumptions as in expression (3)−(5). Besides, we adopt a similar assumption as in expression (6) for the scattering components ΔĤ S, , . All these mentioned inter-cell propagation path loss coefficients 2 For a carrier frequency of 30 GHz, the distance of one hundred wavelengths is approximately 1 meter. 3 The probability of the existence of the LOS components decreases with increasing the radius of a cell. are modeled as in [14] . According to recent field measurements, e.g. [14] , the typical values of Rician K-factors , for ΔĤ , is , ∈ [0, 5].
III. MULTI-CELL UPLINK CHANNEL ESTIMATION PERFORMANCE ANALYSIS
In this section, we adopt the algorithm proposed in [1] for the estimation of an equivalent mmWave channel, which is based on analog beamforming matrices adopted at the desired transceivers and the physical mmWave channels. The proposed algorithm is suitable for both the conventional fully digital systems and the emerging hybrid systems with fully access and subarray implementation structures. For the sake of presentation, we provide a brief summary of the algorithm proposed in [1] in the following. For illustration, we adopt the subarray structure as an example, as shown in Fig. 2 . Specifically, each RF chain can access to the antennas via a phase shifter network.
There are three steps in the algorithm proposed in [1] . In first and second step, strongest AoAs between the desired BS and the users are estimated. Then, relying on the estimated strongest AoAs, the desired BS and the users design their analog beamforming matrices. In the third step, orthogonal pilot symbols are transmitted from the users to the BS by using the pre-designed analog beamforming matrices. Subsequently, by exploiting the channel reciprocity, the equivalent downlink channel can be estimated and adopt at the BS as the input for the digital baseband precoder.
Note that, orthogonal pilot symbols are used for the estimation of the equivalent channels in the third step. For the multi-cell scenario, orthogonal pilot symbols are reused among different cells which results in pilot contamination and cause a severe impact on the equivalent channel estimation performance. We note that only single-cell scenario was considered in [1] and it is unclear if the channel estimation algorithm provides robustness against pilot contamination. Furthermore, the performance analysis studied in [1] does not take into account the impact of potential out-of-cell interference on the performance of channel estimation. In the following sections, we investigate the impact of pilot contamination on the mmWave channel estimation performance for small-cell scenarios.
A. Channel Estimation and Pilot Contamination Analysis
Basically, the first and second step provide the analog beamforming matrices at the desired BS and the desired users to facilitate the estimation of equivalent channel. In particular, the analog beamforming matrices pair the desired BS and the desired users and align the directions of data stream
transmission. Due to the inter-cell large scale propagation path loss, the impact of pilot contamination on strongest AoAs estimation is usually negligible 4 . If readers are interested in the impacts of strongest AoA estimation errors on the equivalent channel estimation performance and the downlink rate performance, please refer to [1] for further details. Therefore, to facilitate the performance analysis of the multi-cell equivalent channel estimation, we assume that strongest AoAs among the users and the BS are perfectly estimated and the desired signals always fall in the mainlobe. We note that the impact of multi-cell interference on the estimation of strongest AoAs will be captured in the simulation.
Based on the perfectly estimated strongest AoAs at the users and the BS, the analog receive beamforming vector of user at the desired BS is given bŷ
and the analog transmit beamformer of user in the desired cell is given bŷ
In addition, we denote the designed analog beamforming matrix at the desired BS as
Let Φ ∈ ℂ ×1 denote the pilot symbols of user in the desired cell. The pilot symbols for all the users in the desired cell form a matrix, Ψ ∈ ℂ × , where Φ is a column vector of matrix Ψ given by Ψ = √
, Φ Φ = 0, ∀ ∕ = , , ∈ {1, . . . , }, where P represents the transmitted pilot symbol energy.
During the channel estimation phase, the reuse of pilot symbols in neighboring cells affects the performance of equivalent channel estimation. The received signal of the -th RF chain at the desired BS in the uplink is given bŷ 4 For strongest AoAs estimation at the desired BS in a multi-cell scenario, the received power of the reused pilot symbols transmitted from the users in neighboring cells is smaller than that of the desired pilot symbols transmitted from the users in the desired cell. In addition, the strongest AoAs estimation may not rely on pilot symbols [11] .
] is the analog beamforming vector of user in the -th cell, the entries of noise matrix, Z, are modeled by i.i.d. random variables with distribution ( 0, 2 BS ) . To facilitate the investigation of channel estimation and downlink transmission, we assume that long-term power control is performed to compensate different LOS path loss among different desired users in the desired cell. As a result, it can be considered that the large scale propagation path losses of different users in the desired cell are identical. Thus, we can express the estimated equivalent downlink channel H eq ∈ ℂ × at the desired BS under the impact of pilot contamination in Equation (12) at the top of this page, where ΔĤ eq is the equivalent channel estimation error caused by pilot contamination and noise. The path loss compensation matrix B ∈ ℂ × is given by
In the following, for notational simplicity, we denoteˆ, = √ˆ, as the inter-cell propagation path loss coefficients. Now, to evaluate the impact of pilot contamination, we introduce a theorem which reveals the normalized MSE performance of equivalent channel estimation.
Theorem 1. The normalized MSE of the equivalent channel estimation with respect to the -th RF chain under the impacts of pilot contamination and noise can be approximated as
In particular, when the number of antennas equipped at the desired BS and the users are sufficiently large, we have lim , →∞ NMSE eq, ≈ 0.
Proof: Please refer to Appendix A. ■ In Equation (14), the impact of the multi-cell pilot contamination term on the normalized MSE performance is inversely proportional to the increasing number of antennas and . In addition, the noise term decreases with the increasing transmit pilot symbol energy and the number of antennas, and . It is important to note that, although the impact of noise part on channel estimation will vanish in the high SNR regime, e.g. ≫ 1, it has no influence on the pilot contamination. It is known that the conventional massive MIMO pilotaided least-square (LS) channel estimation performance under the impact of pilot contamination cannot be improved by increasing the number of antennas equipped at the BS [8] , [16] . Interestingly, the result of Theorem 1 unveils that the impacts of pilot contamination and noise on the equivalent channel estimation will vanish asymptotically with the increasing number of antennas equipped at each RF chain, and . Actually, the numbers of antennas and have an identical effect on the normalized MSE performance. This is because the direction of analog beamforming matrices adopted at the desired BS and the desired users align with the strongest LOS path. Hence, the analog beamforming matrices adopted at the desired BS and the users form a pair of spatial filters which block the pilot signals from undesired users to the desired BS via non-strongest paths. In addition, transmitting the pilot signals from the desired users via the analog beamforming matrix can reduce the potential energy leakage to other undesired cells, which further reduces the impact of pilot contamination. Note that the proposed channel estimation algorithm does not require any information of covariance matrix of the inter-cell channels as required by the MMSE-based precoding algorithm proposed in [18] .
We note that for the conventional pilot-aided channel estimation algorithms, e.g. LS-based algorithms, they estimate the channels from all the directions. Thus, BSs adopting these algorithms receive reused pilot symbols from the undesired users and cannot be distinguished from the desired pilot symbols. This is known as pilot contamination. However, adopting analog beamforming matrices for receiving pilot symbols at the desired BS via strongest AoA directions forms a spatial filter, which blocks the undesired pilot symbols from neighboring cells via different AoA paths. Furthermore, the "blocking capability" improves with the increasing number of Figure 4 . The illustration of multi-cell normalized MSE performance under the impact of pilot contamination versus the number of antennas in the high SNR regime, i.e., maximum transmit power 46 dB, for RF = = 10, Rician K-factor = 5, and channel estimation error 2 = 0.01. antennas equipped at the BS. Specifically, the beamwidth of mainlobe becomes narrower and the magnitude of sidelobes is lower, which is illustrated in Fig. 3 . In fact, this is an important feature for mitigating the impact of pilot contamination. Therefore, with the equivalent channel estimation proposed in [1] , the impact of pilot contamination vanishes asymptotically with an increasing number of antennas equipped at the desired BS. Remark 1. Since hybrid mmWave systems are the generalization of fully digital systems, the algorithm proposed in [1] can be extended to the case of fully digital systems. In particular, the derived analysis in the paper can be directly applied to the latter systems.
IV. SIMULATION
To verify the correctness of analytical results derived in Equation (14), here, we provide some simulation results. We assume that the antenna gain in zenith is 14 dBi. In particular, we focus on the impact of pilot contamination in the high SNR regime and take into account the inter-cell propagation path loss. The maximum BS transmit power is set as 46 dBm. In the simulation, we take into account any possible estimation errors in estimating strongest AoA paths, which verifies the assumption of perfect strongest AoAs estimation adopted for the design of F RF . We set the carrier frequency as 30 GHz, the number of neighboring cells as = 6 and the number of users per cell = 10. Fig. 4 illustrates the normalized MSE of the equivalent channel estimation versus the number of antennas equipped at the desired BS under the impact of pilot contamination.
We note here, while the number of antennas increases, the number of RF chains equipped at the desired BS remains the same. The channel estimation errors of a user caused by pilot contamination, 2 
, ∀ {1, . . . , }, is set as 2 = 0.01. In Fig. 4 , we can observe that with an increasing number of antennas equipped at the desired BS , the normalized MSE decreases monotonically. In addition, an increasing number of antennas equipped at the Simulation result: fully digital system, LS algorithm, ξ 2 = 0.3 Simulation result: hybrid system, algorithm proposed in [1] , ξ 2 = 0.3 Simulation result: fully digital system, LS algorithm, ξ 2 = 0.2 Simulation result: hybrid system, algorithm proposed in [1] , ξ 2 = 0.2 Figure 5 . The average achievable rate per user (bits/s/Hz) under the impact of pilot contamination versus the number of antennas in the high SNR regime.
users
can also improve the normalized MSE. Besides, the simulation results match with the analytical results derived in Equation (14) . Thus, the impact of pilot contamination on the channel estimation of multi-cell hybrid mmWave systems vanishes asymptotically, for sufficiently large number of antennas equipped at the desired BS . In practice, to meet a certain required normalized MSE of channel estimation, we can either increase the number of antennas equipped at each RF chain of the BS or the number of antennas at each user for a fixed pilot symbol energy . In Fig. 5 , we study the average achievable rate per user under the impact of pilot contamination. In particular, we adopt ZF precoding strategy for the downlink transmission based on the estimated CSI. We assume that the channel estimation errors of a user, 2 
, ∀ {1, . . . , }, at the desired BS due to the impact of pilot contamination effects for both the fully digital system and the hybrid system are set as 2 = 0.2 and 2 = 0.3, respectively. For comparison, we also simulate the performance of a fully digital system adopting conventional LS-based CSI estimation algorithm and ZF for downlink transmission. It can be observed that the average achievable rate of the fully digital system adopting the conventional LS-based CSI estimation algorithm under the impact of pilot contamination is saturated with the increasing number of antennas equipped at the desired BS. In contrast, the average achievable rate of the hybrid system can scale with the number of BS antennas as the impact of pilot contamination is mitigated when the numbers of antennas are sufficiently large.
V. CONCLUSIONS
In this paper, we investigated the normalized MSE performance of the channel estimation proposed in [1] for multi-cell hybrid mmWave systems. The derived closed-form approximation of the normalized channel estimation MSE performance revealed that the channel estimation error caused by the impact of pilot contamination and noise would vanish asymptotically with the increasing number of antennas. Furthermore, based on the estimated CSI, we adopted ZF precoding for the downlink transmission. Our simulation results unveiled that the average achievable rate per user increases with the increasing number of antennas equipped at the BS, despite the impact of pilot contamination. It is an excellent feature for multi-cell hybrid mmWave systems with small-cell radius for improving the spectral efficiency.
A. Proof of Theorem 1
The MSE performance of equivalent channel estimation under the impact of pilot contamination is given by
Due to the small radius of cell, the inter-cell uplink propagation channels may contain LOS components from the users in the neighboring cells to the desired BS. Thus, the part associated with pilot contamination can be expressed as
)]
Inter−cell interference caused by LOS component
Inter−cell interference caused by scattering component , ] ,
where variables , ∈ [0, ] is the angle of incidence of the LOS path at antenna arrays of user in cell , and Δ , ∈ [0, ] is the angle of incidence of the inter-cell LOS path at antenna arrays from user of cell to the desired BS. By defining the array gain function act, [ ], cf. [17] , as 
In (c), we explore the law of integration of sinc function for the number of antennas is sufficiently large, i.e., , ,
where = 2 , , . We substitute Equation (18) and (26) into (16) , the expression in (14) comes immediately after some straightforward mathematical manipulation.
